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2 ' Abstract: We show that classical processes corresponding to operators which 

satisfy a q-commutative relation have linear regressions and quadratic condi- 
tional variances. From this we deduce that Bell's inequality for their covariances 
.. ^ can be extended from q — —\ to the entire range — 1 < g < 1. 

> 

^vg , Corrections of Sunday, February 29, 2004 at 15:40 

o ■ 

Qs ' The following corrections were found after the printed version appeared in Comm 

O ! Math. Phys., 219 (2001), pp. 259-270. 



1. Of course, the expected value E : y^ ^ C, not into R. 

2. Conditional variance in Proposition |21 is now correct. 



1. Introduction 

In this paper we consider a linear mapping ?i 9 / i— > ay G S from the real 
Hilbert space TL into the algebra B of bounded operators acting on a complex 
Hilbert space which satisfies the g-commutation relations 

and a/<? = for a vacuum vector fp. This defines a non-commutative stochastic 
process X/ = a/ -f- a^ first studied in A, which following Jj we call the q- 
Gaussian process. For different values of q, these processes interpolate between 
the bosonic {q = 1) and fermionic (g = — 1) processes, and include free processes 
of Voiculescu |7| {q = G). 

One of the basic problems arising in this context is the existence of the clas- 
sical versions of q-Gaussian processes, see Definition |21 For q = 1, these are 
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the classical Gaussian processes with the covariances {f,g)f^g^T-i. For q = —1, 
the classical versions are two-valued, so Bell's inequality ^ shows that only 
some covariances may have the classical versions. In |2] classical versions were 
constructed for covariances corresponding to stationary two- valued Markov pro- 
cesses {q = —1). In l^*, Prop. 3.9], the existence of such classical versions was 
proved for all —1 < q < 1 in the case where the g-Gaussian process is Markovian 
(which can be characterized in terms of the covariancc function). 

The situation for other covariances remained open in ^ and it was unclear 
which g-Gaussian processes have no classical realizations. This issue is addressed 
in the present paper. Using a formula for conditional variances of classical ver- 
sions we derive a constraint on the covariance which extends one of the Bell's 
inequalities from g = — 1 to general —l<q<l. The inequality implies that 
there are covariances such that the corresponding non-commutative g-Gaussian 
processes cannot have classical versions over the entire range —1 < q < 1. Since 
q interpolates between the values q — —1, where classical versions may fail to 
exist and g = 1, where the classical versions always exist, it is interesting that 
there is a version of Bell's inequality which does not depend on q. 

The proof relies on formulas for conditional moments of the first two orders, 
which are of independent interest. Computations to derive them were possible 
thanks to recent advances in the Fock space representation of g-commutation 
relations 1^, see [2IISI- 



2. Preliminaries 

This section introduces the Fock space representation of g-Gaussian processes, 
and states known results in the form convenient for us. It is based on [2]. 



2.1. Notation. Throughout the paper, g is a fixed parameter and —1 < g < 1. 
For n = 0, 1, 2, ... we define g-integers [n]q := ^~^ . The g-factorials are [n]q\ := 
[l]q[2]g . . . [n\q, with the convention [0]^! := 1. 

The g-Hermite polynomials are defined by the recurrence 

xHn{x) = Hn+lix) + [n]qHn-l{x), 71 > (2) 

with H^i{x) := Q,Ho{x) := 1. These polynomials are orthogonal with respect 
to the unique absolutely continuous probability measure Uq{dx) = fq{x)dx sup- 
ported on [— 2/-^! — g, 2/-^! — gj, where density fq{x) has explicit product ex- 
pansion, see Theorem 1.10] or 6 ; the second moments of g-Hermite polyno- 
mials are J_(S\ ^j^^{Hn{x)) Vq{dx) ~ [n]q\. In our notation we are suppressing 
the dependence of Hn{x) on g. 



2.2. q-Fock space. For a real Hilbert space TC with complexification Tic = TL^iTL 
we define its g-Fock space Fqili.) as the closure of C^©0„ Hf ", the linear span 
of vectors fi® . ■ .® fm in the scalar product 



^ / E<xGS,. ?'"' n"=i(/j.5aO-)) if m = n 
li m ^ n 



(/l®...»/n|5l»...«5m), = <{^-e^"^ llj = lUj,y.OV l'^-'^. (3) 
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Here ^ is the vacuum vector, 5„ are permutations of {!,..., n} and \<t\ — 
#{(*, j) '■ i < j,o'{i) > cr(j)}. For the proof that Q indeed is non-negative 
definite, see |3]. 

Given the g-Fock space FqiT-L) and / G 7i we define the creation operator a/ : 
rq{'H) — > rq{Ti) and its (•|-)q-adjoint, the annihilation operator &% : rq{'H) -^ 
rq(l-L) as follows: 

a/<?> := 0, 

n 

a//i ® . . . ® /„ := ^ q'^^{L Io)h®---® fj~i ® fj+i «)...«)/„, (4) 
and 

a}/i(g)...(g)/„ :=/(g)/i(g)...(g)/„. (5) 

These operators are bounded, satisfy commutation relation Q, and a^+g = 
a/ + a.g, see |3]. 

^.<S. q- Gaussian processes. We now consider (non-commutative) random vari- 
ables as the elements of the algebra A generated by the self-adjoint opera- 
tors X^ :~ Sif + a^ with vacuum expectation state E : A —f C given by 

E(X) = {$\X'P)q. 

Definition 1. We will call {X(i) : t £ T} a q-Gaussian (non- commutative) pro- 
cess indexed by T if there are vectors h(t) G H such that X(t) = y^hit) ■ 

For a g-Gaussian process the covariance function ct s '■— lE(XtXs) becomes ct s — 
{h{t),h{s)). 

The Wick products ip{fi^ . . .^ /„) G A arc defined recurrently by V'(^) •= I: 
and 

V'l/®/! »...»/„):= (6) 

Xfijih »...»/„)- e;=i q'-'{f, Wi^ifi ® • ■ • ® fj-i ® fj+i »•••»/«)• 

An important property of Wick products is that if X = V'(/i (8) • ■ • ® /«) then 

X<P = /i ® . . . ® /„. (7) 

We will also use the connection with g-Hermite polynomials. If ||/|| = f then 

^ (r-) = i?„ (X/) , (8) 

see [2 Prop. 2.9]. Formulas Q, 0, and lO show that for a unit vector f e H 
we have 

E((i/„(X^)f)= ^gH = M,!. (9) 

aes„ 

Thus i/g is indeed the distribution of X/ . Our main use of the Wick product is 
to compute certain conditional expectations. 
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2.4- Conditional expectations. Recall that a (non-commutative) conditional ex- 
pectation on the probability space (.4, E) with respect to the subalgebra B C A 
is a mapping £ : A^ B such that 

E(YiXY2) = E(Yi£(X)Y2) (10) 

forallXe AYi,Y2e6. 

We will study only algebras B generated by the identity and the finite number 
of random variables Xy-j^ , ■ • • , X/^ . In this situation, we will use a more proba- 
bilistic notation: 

E(X|X/,,...,X/J :=£:(X), Xe A 

In this setting conditional expectations are easily computed for X given by 
Wick products. This important result comes from 2, Theorem 2.13]. 

Theorem 1. // Y = ''/'(ffi <Xi . . . ^ 5m); Xi = X/j^, . . . ,^k = X/^, for some 
fi,gj (z Ti. and P : Ti —t Ti denotes orthogonal projection onto the span of 
fi,...,fk then 

E(Y|Xi, . . . , Xfc) = ij{Pgi (^ . . . Pg^). 

The following formula is an immediate consequence of Theorem ^ and ((HJ , 
and is implicit in 2, Proof of Theorem 4.6]. 

Corollary 1. //X = Xj, Y — Xg with unit vectors \\f\\ — \\g\\ — 1 and iJ„ is 
the n q-Hermite polynomial, see |^, then 

E(i/„(Y)|X) = (/,.g)"i?„(X). (11) 

For a finite number of vectors /o, fi,...,fk&'H, let X^ := X/^. . These (non- 
commutative) random variables have linear regressions and constant conditional 
variances like the classical (commutative) Gaussian random variables. 

Proposition 1. 

fc 
E(Xo|Xi,...,Xfc)-^a,X, (12) 

and 

k 

E(X2|Xi, . . . , Xfc) - (^ a,X,)2 + cl. (13) 

i=i 

If fi ■ ■ ■ T fk ^'H are linearly independent then the coefficients aj , c are uniquely 
determined by the covariance matrix C = [cij] := [{fi, /j)]- 

Notice that Eq. H13II can indeed be rewritten as the statement that conditional 
variance is constant, 



I/ar(Xo|Xi, . . . , Xfc) := E ( (Xq - E(Xo|Xi, . . . , X^))' |Xi, . . . , X,. ) = cl. 
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Proof. This follows from Theorem Q] and (jHl- Write the orthogonal projection 
of /o onto the span of /i, . . . fk as the linear combination g — ^j o-jfj- Then 
E(Xo|Xi, . . . ,Xfc) = E{^{fo)\Xi, . . . , Xfc) = V'(ff) = E, aMfj), which proves 
Ca. Similarly, E(Xg- ll/ofllXi, ... ,Xfc) = E(V'(/o®/o)|Xi, ... ,Xfc) = V^(g® 
g) = (E, «jX,)' - llslPl- This proves CEJ with c = ||/o|P - Ibf ■ 

If /i . . . , /fc e 7i are linearly independent then the representation g = Ei ^j/j 
is unique. 

To analyze standardized triplets in more detail we need the explicit form of the 
coefficients. (We omit the straightforward calculation.) 

Corollary 2. //X :— Xj, Y := Xg, Z ;= X/j anrf /, ft, e 7i are linearly indepen- 
dent unit vectors, then 

E(Y|X,Z) =aX + feZ, (14) 

E(Y2|X,Z) = (aX + 6Z)VcI, (15) 

where 



{f,9)-{9,h){f,h) 



1 - (/, h) 



2 



(16) 



, {9,h)-{f,g){f,h) 

Another calculation shows that c = det(C)/(l — {f,h)^), where C is the 
covariance matrix; in particular c > 0. 



3. Conditional Moments of Classical Versions 

We give the definition of a classical version which is convenient for bounded 
processes; for a more general definition, see |3 Def. 3.1]. 

Definition 2. A classical version of the process X(<) indexed by t d T d M is a 
stochastic process X(t) defined on some classical probability space such that for 
any finite number of indexes ti < t2 < ■ ■ ■ < tk and any polynomials Pi, . . . , Pk, 

E(Pi(X(ii))P2(X(i2))...Pfc(X(ifc))) = (18) 

E (Fi(l(ti))F2(X(t2)) . . . PkiXitk))) . 

Here E{-) denotes the classical expected value given by Lebesgue integral with 
respect to the classical probability measure. 

Our main interest is in finite index set T — {ii, ^27^3}, where ii < ^2 < ^^3- In 
this case we write X := X(ii), Y :— X(t2), Z := X(i3). We say that an ordered 
triplet (X,Y,Z) has a classical version X,Y,Z, if E (Pi(X)F2(Y)P3(Z)) = 
E (Pi{X)P2iY)P3{Z)\ for all polynomials Fi, P2, -Ps- 

The classical version of a non-commutative process is order-dependent, since 
the left-hand side of (|18|l may depend on the ordering of the variables, while 
the right-hand side does not. For specific example in the context of q-Gaussian 
random variables, see [SJ formulas (2,64) and (2.65)]. 
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3.1. Triplets. All pairs (X^,Xg) of g-Gaussian random variables have classical 
versions because E(Xy*X") — ]E(X^X™) for all integer to, n; however, the classi- 
cal version of a triplet may fail to exist. With this in mind we consider (7-Gaussian 
triplets 

X:=X/,Y:=X<„Z:=X„. (19) 

To simplify the notation we take unit vectors ||/|| = j|.gj| = \\h\\ = 1. We assume 
that there is a classical version {X, Y, Z) of (X, Y, Z), in this order. 

From Corollary 121 we know that non-commutative random variables X, Y, Z 
have linear regression and constant conditional variance. It turns out that the 
corresponding classical random variables X,Y, Z also have linear regressions, 
while their conditional variances get perturbed into quadratic polynomials. 

Theorem 2. // {X,Y,Z) is a classical version of the q-Gaussian triplet 1^191} 
then 

E{Y\X,Z) =aX + bZ, 

E{Y^\X, Z) = AX^ + BXZ + CZ^ 
where a,b are given by i|_?6]) ,i f7^ , 

ab{l^q){f,h) + a^l-q{f,hf) 



D, 



A = 



B 



C = 



1 

afe(l + g)(l- 






ab{l-q)(f,h)+b^l-q{f,hf) 



(20) 
(21) 



(22) 
(23) 
(24) 



D = 1-A-B{f,h)-C. 
The proof relies on the following technical result. 
Lemma 1. If Hn, Hm are q-Hermite polynomials given by ^, the 



(25) 



E(i/„(X)ZXH,„(Z)) 



E(iJ„(X)XZi7,„(Z)) = 
E(//„(X)X2//,„(Z)) 



(/,/i)"+i[n + 
(/,/i)"-i[n],! 

{f.hr-^m<i 





2],! 



l){f,hf + q[n] 



W,! 



(26) 



if m = n + 2 
if m = n — 2 
if m — n 
otherwise 



(27) 



{f,hr+'[n + 2],\ 



{f,h) 



n-lr 



if m, = n + 2 
if m = n — 2 



if, hr~^ {[n + 1],(/, h)^ + [n],) [n],\ if m = n 
otherwise 

{f,hy'+^[n + 2]q\ ifm = n + 2 

{f,hy'-^[n]ql ifm = n-2 

{f,hy'i[n + l]g + [n]g)[n]g\ ifm^n 

otherwise 



(28) 
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E (i7„(X)iI„.(Z)) . { H' ^>"N,! J/ - = n^ . (29) 

Proof of Theorem\^ Since X, Y, Z are bounded random variables, to prove H20|l 
we need only to verify that for arbitrary polynomials P, Q, 



E [P{X)YQ{Z)^ = E [P{X){aX + bZ)Q{Z) 

This is equivalent to 

E (P(X)YQ(Z)) = E {P{y.){ay. + bZ)Q{Z)) , 

see (HSl). The latter follows from (jHI) and ^^, proving l(^ . 

To prove (|21|) , we verify that for arbitrary polynomials P, Q we have 

E (P{X)Y^Q{Z)) = E (P{X){AX^ + BXZ + CZ^ + D)Q{Z)\ . 
By definition (|18|l . this is equivalent to 

E (P(X)Y2Q(Z)) = E (P(X)(AX2 + BXZ + CZ^ + D)Q{Z)) . (30) 

It suffices to show that (I30II holds true when P = iJ„ and Q = Hm are the 
g-Hermite polynomials defined by ^. Formula H15|l implies that the left-hand 
side of l|5n|) is given by 

cE(if„(X)i?„,(Z)) + a2E(i7„(X)X2iJ„,(Z)) + b^E{H„{X)Z^ H^{Z)) 

+a6E(i/„(X)XZi7,„(Z)) + a6E(iJ„(X)ZXiJ„,(Z)), 
and the right-hand side becomes 

AE{H,,{X)X.^H„,{Z)) + CE{H„iX)Z^H„,{Z))+ 

PE(i/„(X)XZiJ™(Z)) + DEiHn{X)H^{Z)). 

Using formulas from Lemmas we can see that both sides are zero, except when 
m — n or m = ji ± 2. We now consider these three cases separately. 
Case m = n + 2: Using Lemma ^ (|30f) simplifies to 

{a'{f,hf+2ab(f,h)+b^){f,hr[n+2],\^{A{f,hf+B{f,h) + C){f,hr[n+2],\. 

This equation is satisfied when coefficients A, B, C satisfy the equation 

A{f, hy + B{f, h)+C = a^f, hf + 2ab{f, h) + b\ (31) 

Case m = n — 2: Using Lemmas (|30f) simplifies to 

ia' + 2ab{f,h)+b^{f,hf){f,hr-'[n],\^iA + B{f,h)+C{f,hf){f,hr-'[n],l 
This equation is satisfied whenever 

A + B{f, h) + C(/, hf ^0^ + 2ab{f, h) + 62(/, hf . (32) 
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Case m = n: We use again Lemmas On both sides of Eq. H30|l we factor out 
(/, /i)"^^[n]g!, and equate the remaining coefficients. (This is allowed since we 
are after sufficient conditions only!) We get 

((/, h){a' + 62)([n + 1], + [n],) + ah ((/, hf[n + f], + (f + q)[n],) + c(/, h)) = 

((1 + ci){A + C) + B{q{f, hf + l)[n], + D{f, h)) . 

Now we use [n+ l\q = \ + q[ri\q. Suppressing the correction to the constant term 
(i.e., the term free of n), we get 

(1 + q) ((/, h){a' + h^) + ab{\ + (/, hf)) [n], + c(/, h) + . . . = 

((1 + q){A + C)(/, /i) + B{q{f, hf + 1)) [n]q + i^(/, /i), 

where c + . . . denotes the suppressed constant term corrections. 

This equation holds true when the coefficients at [n]q match, which gives 

(l + g)(/, h){A + C) + B{q{f, hf + l) = (l + q) {{a" + b^){f, h) + ah{{f, hf + 1)) , 

(33) 
and the constant terms match: c + . . . = D. The latter holds true when the 
expectations are equal {n = m = Q), and hence this condition is equivalent to 
lP5|l . The remaining three equations ll^ . (|^ . and (|55|l have a unique solution 
given by the expressions (|22l, (ESI, I21I)- □ 

Proof of Lemma^ Using the definition of vacuum expectation state, (0 and (jHJ 
we get E(iJ„(X)ZXi/„(Z)) = (ZiJ„(X)<Z>|Xi/,„(Z)<?), - (X;,/®"|X//i«5'"),. 
Therefore Q, and (jSJ imply 



E(F„(X)ZXJf„(Z)) = (34) 

The latter is zero, except when m = n or m — n±2. We will consider these two 
cases separately. 

If 771 = 71, by orthogonality we have 

E(i/„(X)ZXiJ„,(Z)) - N2(/,/i)2(/«5"-i|/j®»-i)^ + (/j^/®"|/^/i®")^. 

Clearly, (/®"-i|/i»"-i), = (/,/i)"-i[n - 1],!; this can be seen either from ® 
and Hll|l . or directly from the definition 0. 

By the second term splits into the sum over permutations a' e Sn+i such 
that cr'(l) = 1 and the sum over the permutations such that ^'(l) = k > 1. This 
gives 



n+l 

ctGS,, fe=2 o-es„ 

{f,hr+'[n]q\ + {f,hy--'q[nUn]ql 
Elementary algebra now yields l|26|l for m = n. 
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li m = n + 2, then the right-hand side of l|34|l consists of only one term we 
get 

E(i?„(X)ZXH„+2(Z)) = [n + 2],(/, h)(h /«"|/i«"+i), = 

[n + 2],{f,h) Yl q^^Hf,hr^{.f,hr+'[n + 2],l. 

Since m — n—2 is given by the same expression with the roles of to, n switched 
around, this ends the proof of if^ . 

The remaining expectations match the corresponding commutative values, 
and can also be evaluated using recurrence (O and formulas (|11() . and ©. 

To prove H27(l notice that since X and i/„(X) commute, using |(5J) and Hll|l 
we get 

E(if„(X)XZi/,„(Z)) =E(Xi/„(X)(i7„,+i(Z) + Hg^m-i(Z))) = 

(/,/i)"+iE(Xi7„(X)iJ,„+i(X)) + [m]g{f,hy^'^E{XHniX)H,n-im). 

The only non-zero values are when m = n, or m = n ± 2. Using (j^J again, and 
then ijnj) we get (|77|l . 
Since by ifTT)) we have 

E(F„(X)X2i/„(Z)) = (/,;i>™EX2i/„(X)i/„(X), 

recurrence ^ used twice proves (I28|l . 

Formula H29|l is an immediate consequence of ()ll|l and Q- □ 



3.2. Relation to processes with independent increments. In 13 Definition 3.5] 
the authors define the non-commutative g-Brownian motion and show that it 
has a classical version, see |2 Cor. 4.5]. Since the classical version of the q- 
Brownian motion is Markov, Theorem [3 implies that all regressions are linear, 
and all conditional variances are quadratic. A computation gives the following 
expression for the conditional variances. 

Proposition 2. Let Xt be the classical version of the q-Brownian motion, i. e., 
{ft, fs) = min{s, t}. Then for ti < t2 < . . . < tn < s < t we have 

VariX,\Xt„---,Xt,^,Xt) = 

{t -s)is- 1„) / ^ (^^ - ^u.) {m - t^X,^) {1-qy 

it - qtn) y {t- U,f 

In [S], classical processes with independent increments, linear regressions, and 
quadratic conditional variances are analyzed. These processes have the same 
covariances as g-Brownian motion, but the conditional variances are quadratic 
functions of the increment Xt — Xt^ only. Proposition |21 shows that the classical 
realizations of g-Brownian motion are not among the processes in 8 and thus 
have dependent increments. 
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4. Bell's Inequality 

It is well known that all g-Gaussian n-tuples with q = I have classical versions: 
these are given by the classical Gaussian distribution with the same covariance 
matrix [(/j,/j)]. 

For q — —1 the classical version of the the standardized g-Gaussian triplet 
(X, Y, Z) consists of the ±l-valued symmetric random variables. The celebrated 
Bell's inequality ^ therefore restricts their covariances: 

l-{f,h)>\{f,g)-{g,h)\. (35) 

In particular, there are triplets of q-Gaussian random variables with q = —1 
which do not have a classical version. 

The following shows that restriction (|35|l is in force for sub-Markov covari- 
ances over the entire range — 1 < 9 < 1- 

Theorem 3. Suppose that (X, Y , Z) is a classical version of q-Gaussian (X, Y, Z) :— 
(X/ , Xg , X/i ) , where f , h <E Ti are linearly independent, and —1 < q < 1 . If either 

if. g) {g, h) < if, h) and 0<{f,h)<l, (36) 

or {f,h)^0, or q = —1, then inequality !^35\) holds true. 

Proof. Since the case q — ~1 is well known, we restrict our attention to the 
case — 1 < g < 1. Our starting point is expression H21I) . A computation shows 

that the conditional variance Var{Y\X,Z) := E{Y'^\X,Z) - (e{Y\X,Z) 
as follows. 

Var{Y\X, Z) = I - a' - b' ~ ab{f, /^) iilsKkiiX^^g+MW) ^ (37) 

J^^^(^Z{f,h)-x)[{f,h)X-z). 

The right-hand side of this expression must be non-negative over the support 
of X, Z. It is known, see 01 Lemma 8.1] or |21 Theorem 1.10], that X, Z have 
the joint probability density function /(a;, z) with respect to the product of 
marginals Vq. Moreover, / is defined for all — 2/-^l — q < x,z < 2/y/l — q and 
from its explicit product expansion we can see that 

/(x z) > fr ^i^^MM 

is strictly positive. In particular, the right-hand side of H37|l must be non-negative 
when evaluated at X — \f2l ^\ — g, Z = ~^/2/^/\ — q. 

Using formulas (|16|l . (|17l) with the above values oi X,Y we get the rational 
expression for the conditional variance which can be written as follows. 

(1 - q{f, hf) (1 - (/, h)f Var (f|l, z) - (38) 

(1 - (/, h)f (1 - q{f, h)^ + (1 + q){f, h) (/, g){g, h)) - 
{{f,g)-{g,h)f{l + {f,hf). 



2 

is 
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Therefore 

(1 - {f,h)y {l^q{f,hf + {l + q){f,h)(f,g){g,h)) > 

{{f,9)~{9,h)f{l + {f,hr). 

Since the assumptfons imply that 1 — q{f,h)'^ + (1 + q){f,h){f,g){g,h) < 
1 + (/,/i)2, this imphes (1 - (/,/i))2 > ((/,5) - {g,h))'\ proving ^. 



4.1- Examples. The first example shows that there are covariances such that 
g-Gaussian random variables have no classical version for all — 1 < g < 1. 

Example 1. Consider the case (/, h) ~ {g, h) > 0. This can be realized when 
the covariance matrix is non-negative definite; a computation shows that this 
is equivalent to the condition 2{f,h)'^ < 1 + {f,9)- Since (|36|l is satisfied, Bell's 
inequality (|35l) implies 1 + (/,<?) > 2{f,h). Therefore, all choices of vectors 
f,g,hen such that {f,h) = {g,h), < {f,h) < 1, and 2{f,h)'^ - 1 < (/,.g) < 
2(/, h) — 1 lead to g-Gaussian triplets with no classical version for — 1 < <? < 1. 

A nice feature of Theorem|2|is that its statement does not depend on q, as long as 
q < 1. But such a result cannot be sharp. A less transparent statement that the 
conditional variance is non-negative is a stronger restriction on the covariances, 
and it depends on q. This is illustrated by the next example. 

Example 2. Suppose {f,h) — {g,h) = 1/2. Inequality lp!5|l used in Example Q 
implies that if a classical version of a g-Gaussian process exists then (/, g) > 0. 
Evaluating the conditional variance Var(Y\X, Z) at A" = 2/^/T~~q, Z = —X 
we get a more restrictive constraint (/, g) > ^^ . 



Acknowledgem.ents. I would like to thank the referee, A. Dembo, and T. Hodges for sug- 
gestions which improved the presentation, and to V. Kaftal for several helpful discussions. 



References 

1. Bell, J. S.: On the Einstein-Podolski-Rosen paradox. Physics, 1, 195-200, (1964) 

2. Bozejko, M., Kiimmerer, B., and Speicher, R.: g-Gaussian processes: Non-commutative and 
classical aspects. Comm. Math. Physics, 185, 129—154, (1997) 

3. Bozejko, M. and Speicher, R. : An example of a generalized Brownian motion. Comm. 
Math. Phys., 137(3), 519-531, (1991) 

4. Bryc, W.: Stationary random fields with linear regressions. Ann. Probab., . 29, 504—519 
(2001) 

5. Frisch, U. and Bourret, R.: Parastochastics. J. Math. Phys., 11(2), 364—390, (1970) 

6. Koekoek, R. and Swarttouw, R. F.: The Askey-scheme of hypergeometric orthogonal poly- 
nomials and its q-analogue. Report no. 98-17, Delft University of Technology, 1998, WWW: 
http : //aw . twi . tudelf t . nl/'koekoek/askey . html 

7. Voiculescu, D. V. Dykema, K. J., and Nica, A.: Free random, variables. Providence, RI: 
American Mathematical Society, 1992 

8. Wesolowski, J.: Stochastic processes with linear conditional expectation and quadratic 
conditional variance. Probab. Math. Statist. (Wroclaw), 14, 33-44, (1993) 

Communicated by H. Araki 



